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A Residue-to-Binary Converter for the Extended Four-Moduli
Set {2n − 1, 2n + 1, 22n + 1, 22n+p}

Ahmad Hiasat

Abstract— This brief presents a residue-to-binary converter for the
moduli set {2n − 1, 2n + 1, 22n + 1, 22n+ p}, where n is a positive integer
and 0 ≤ p ≤ n − 2. The converter consists of three simplified 4n-bit
carry-save adders (CSAs) along with a modulo (24n −1) adder. The main
contribution of this brief is reducing the requirements of the proposed
CSA network, which has impacted the area, delay, power and energy.
Compared with four-moduli and five-moduli sets that have the dynamic
range 2v(24n −1), where v = n or 2n, the proposed converter resulted in
the average area, delay, power, and energy reductions of 22.7%, 9.2%,
17.8%, and 24.5%, respectively. Moreover, the throughput rate per unit
area has been improved by an average of 48.7%.

Index Terms— Chinese remainder theorem, computer arith-
metic, residue number system, residue-to-binary converter, VLSI
implementation.

I. INTRODUCTION

Residue number system (RNS) operations have no carry between
different residue digits [1], [2]. Addition, subtraction, and multipli-
cation run on a residue digit independently from computations on
other digits [1], [2]. This independency reduces the time needed to
perform residue-based arithmetic operations compared with binary-
based operations. Therefore, RNS is used efficiently in some digital
signal processing and cryptographic applications that require high-
speed computations [2]–[6].

Selecting the proper moduli set is a very important step in utilizing
RNS to serve the above-mentioned applications. The moduli set
selection is determined by the dynamic range, the number of moduli,
and the form of moduli targeted. While some applications can be
well served by a three-moduli set, other applications require a wider
dynamic range, a higher level of parallelism, and moduli forms that
ease the residue-to-binary conversion and arithmetic operations within
any RNS-based processor. The dynamic range is determined by the
product of all moduli comprising the moduli set. Increasing the
magnitude of a modulus within a set (i.e., vertical extension) achieves
a wider dynamic range. Another way of achieving the same goal
is by increasing the number of moduli (i.e., horizontal extension),
which also leads to a higher level of parallelism required by specific
applications like cryptography. The forms of moduli are also crucial
in determining the speed of residue-to-binary conversion and residue-
based arithmetic computations.

The popular three-moduli set, {2n , 2n − 1, 2n + 1}, has a dynamic
range of 3n bits, where n is a positive integer. This moduli set
received considerable attention in terms of reverse conversion and
arithmetic components’ design [7], [8]. A vertical extension for
this moduli set was introduced in [9]. However, to provide a hor-
izontal extension, researchers introduced four-moduli sets [10]–[18],
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five-moduli sets [19]–[23], and other sets with more moduli [24].
The four-moduli sets can be divided into two main groups. The
first group is of the form {2n , 2n − 1, 2n + 1, 2n±1 ± 1} or similar
ones [10]–[13]. Such sets have balanced data paths; however, they
provide (4n ± 1)-bit dynamic ranges and have a complicated reverse
conversion process in terms of area and time. The second group is
of the form {2v , 2n − 1, 2n + 1, 22n + 1} or the form {2v , 2n − 1,

2n + 1, 22n+1 − 1} [14]–[18], where n ≤ v ≤ 2n. The moduli in
these sets of the group are unbalanced and they provide 5n- to 6n-bit
or more dynamic ranges. Moduli sets of the second group like
{2v , 2n −1, 2n +1, 22n+1 −1} are not only unbalanced, but also have
a complicated conversion process [16], [18]. However, moduli sets of
the second group of the form {2v , 2n−1, 2n+1, 22n+1} (to which the
moduli set considered in this brief belongs to), are also unbalanced.
This unbalance affects adversely the throughput rate of RNS-based
processors. Modulo (22n +1) arithmetic components have the longest
path delay, whereas, (2n − 1) ones have the shortest. Nevertheless,
moduli sets of this form enjoy easier conversion process [14]–[17].
The easiness of reverse conversion is due to the fact that the dynamic
range is given by 2v (24n − 1) [25].

On the other side, a five-moduli set like {22n+p , 2n−1, 2n+1, 2n−
2((n+1)/2) +1, 2n +2((n+1)/2) +1} provides a (6n + p)-bit dynamic
range [22], [23]. However, the design of residue-based arithmetic
components for the moduli of the form (2n ±2((n+1)/2) +1) is more
demanding compared with moduli of the form (2n ± 1) [26], [27].

The moduli set under consideration in this brief is the extended
four-moduli set {2n − 1, 2n + 1, 22n + 1, 22n+p}, (0 ≤ p ≤ n − 2),
which provides a dynamic range of (6n + p) bits. This set lies within
the previously described second group of the four-moduli sets, which
has a simpler conversion process. The moduli set considered in this
brief is similar to the ones addressed in [14]–[17]. The five-moduli
set introduced in [22] and [23] provides a similar dynamic range
of (6n + p) bits. In fact, the product of the last two moduli in the
five-moduli set produces the third modulus in the four-moduli set
under consideration.

The design of efficient reverse converters is an essential part in
improving the performance of all application-specific RNS-based
processors. Therefore, this brief is an additional effort to reduce
the hardware complexity of a residue-to-binary converter and reduce
the overall complexity of a RNS-based processor, for the extended
four-moduli set {2n − 1, 2n + 1, 22n + 1, 22n+p}.

The notational conventions used in this brief are as follows.

1) {m1, m2, . . . . . . , mN }, moduli set of N pairwise relatively
prime positive integers.

2) M = ∏N
i=1 mi , dynamic range.

3) For any integer X ∈ [0, M), the residue representation of X is

X
RN S→ (R1, R2, . . . . . . , RN ), where Ri = 〈X〉mi is the least

non-negative remainder when dividing X by mi .
4) m̂i = (M/mi ).
5) 〈 (1/m̂i )〉mi is the multiplicative inverse of m̂i (i.e.,

〈〈m̂i 〉mi (1/m̂i )〉mi = 1).
6) �u� is the floor value of any number u.
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II. RESIDUE-TO-BINARY CONVERSION ALGORITHM

In the past three decades, the residue-to-binary converters pro-
posed in the literature used the Chinese remainder theorem (CRT),
the mixed-radix conversion, or the new CRT [1], [28] to decode RNS
to a weighted representation. This also applies to the converters cited
in this brief. The progress achieved in proposing structurally simpler
and faster converters was based on manipulating the different terms
resulting from applying the CRT or the new CRT. In this section,
the CRT is also used to produce a simpler converter structure for the
four-moduli set {m1, m2, m3, m4}, where m1 = 2n −1, m2 = 2n +1,
m3 = 22n + 1, and m4 = 22n+p . The general form of the CRT is
given by [1]

X =
4∑

i=1

m̂i

〈
1

m̂i

〉

mi

Ri − M A(X) (1)

where A(X) is an integer that depends on the value of X . The
residue representation of X ∈ [0, 22n+p(24n − 1)) is given by:
(R1, R2, R3, R4). The binary formats of these four digits are as
follows:

1) R1 = ∑n−1
i=0 r1(i)2i = r1(n−1) · · · · · · r1(0);

2) R2 = ∑n
i=0 r2(i)2

i = r2(n) · · · · · · r2(0);

3) R3 = ∑2n
i=0 r3(i)2

i = r3(2n) · · · · · · r3(0);

4) R4 = ∑2n+p−1
i=0 r4(i)2i = r4(2n+p−1) · · · · · · r4(0).

For this set, m̂1 = (2n +1)(22n +1)22n+p , m̂2 = (2n −1)(22n +1)

22n+p , m̂3 = (22n − 1)22n+p , and m̂4 = (24n − 1). This brief
introduces the multiplicative inverses for this extended four-moduli
set. For the cases (0 ≤ p ≤ n − 2), it can be easily proved that
these multiplicative inverses are given by 〈(1/m̂1)〉m1 = 2n−p−2,
〈(1/m̂2)〉m2 = 2n−p−2, 〈(1/m̂3)〉m3 = 〈−22n−p−1〉m3 , and
〈(1/m̂4)〉m4 = 〈−1〉m4 .

The new CRT proposed in [28] could have been used. However,
the original form of the CRT [1] is used instead since this work
introduces the new multiplicative inverses of the moduli under
consideration. Therefore, (1) can be rewritten as

X = (2n + 1)(22n + 1)22n+p 2n−p−2 R1

+ (2n − 1)(22n + 1)22n+p 2n−p−2 R2

− (22n − 1)22n+p 22n−p−1 R3

− (24n − 1)R4 − M A(X). (2)

Dividing (2) by 22n+p , taking the floor value, applying modulus
(24n − 1), and taking 2n−p−2 as a common factor, then (2) can be
expressed as

⌊
X

22n+p

⌋

= 〈2n−p−2(�1 + �2 + �3 + �4)〉(24n−1) (3)

where

�1 = 〈(22n + 1)(2n + 1)R1〉(24n−1) (4)

�2 = 〈(22n + 1)(2n − 1)R2〉(24n−1) (5)

�3 = 〈−2n+1(22n − 1)R3〉(24n−1) (6)

�4 = 〈−2n+2 R4〉(24n−1). (7)

Accordingly, X = �X/(22n+p)�22n+p + R4 is evaluated as a simple
concatenation process [1].

When simplifying (4)–(7), the following modulo (2 j −1) properties
will be used extensively [1], particularly in simplifying �2, �3, and �4.
Property (1) states that modulo (2 j − 1) multiplication of a residue
number by 2q , where j and q are positive integers, is equivalent to
a q-bit circular left shift. Property (2) states that modulo (2 j − 1) of
a negative number is the one’s complement of this number.

1) Simplifying (4) leads to

�1 = (23n + 22n + 2n + 1)R1

=
4n

︷ ︸︸ ︷
R1 � R1 � R1 � R1

= R̃1 (8)

where � designates a concatenation process and where

R̃1 = R1 � R1 � R1 � R1. (9)

2) Simplifying (5) leads to

�2 = 〈(23n − 22n + 2n − 1)R2〉(24n−1). (10)

Since R2 = 2nr2(n) + R̂2, where R̂2 = r2(n−1) · · · r2(0), (10)
can be rewritten as

�2 = 〈(23n − 22n + 2n − 1)(2nr2(n) + R̂2)〉(24n−1)

=
〈

(−23n + 22n − 2n + 1)r2(n) +
4n

︷ ︸︸ ︷

R̂2 � R̂2 � R̂2 � R̂2

+ (24n − 23n + 22n − 2n )

〉

(24n−1)

=
〈 4n
︷ ︸︸ ︷

R̂2 � R̂2 � R̂2 � R̂2 +(−23n + 22n − 2n + 1)

× (1 + r2(n))

〉

(24n−1)

= 〈R̃2 + k2〉(24n−1) (11)

where

R̃2 =
4n

︷ ︸︸ ︷

R̂2 � R̂2 � R̂2 � R̂2 (12)

k2 = 〈(−23n + 22n − 2n + 1)(1 + r2(n))〉(24n−1). (13)

3) Simplifying (6), since R3 = 22nr3(2n) + R̂3, where R̂3 =
r3(2n−1) · · · r3(0), we have

�3 = 〈−2n+1(22n − 1)(22nr3(2n) + R̂3)〉(24n−1)

= 〈2n+1((22n − 1)r3(2n) + (1 − 22n)R̂3)〉(24n−1)

=
〈

2n+1(

4n
︷ ︸︸ ︷

R̂3 � R̂3 +(22n − 1)(1 + r3(2n)))

〉

(24n−1)

= 〈R̃3 + k3〉(24n−1) (14)

where

R̃3 =
〈

2n+1(

4n
︷ ︸︸ ︷

R̂3 � R̂3)

〉

(24n−1)

(15)

k3 = 〈2n+1(22n − 1)(1 + r3(2n))〉(24n−1). (16)
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4) Simplifying (7), since R4 =
2n+p

︷ ︸︸ ︷
r4(2n+p−1) · · · · · · r4(0), we have

�4 = 〈−2n+2 R4〉(24n−1)

=
〈

−
n−p−2
︷ ︸︸ ︷
0 · · · 0

2n+p
︷ ︸︸ ︷
r4(2n+p−1) · · · r4(0)

n+2
︷ ︸︸ ︷
0 · · · 0

〉

(24n−1)

=
〈n−p−2

︷ ︸︸ ︷
1 · · · 1

2n+p
︷ ︸︸ ︷
r 4(2n+p−1) · · · r 4(0)

n+2
︷ ︸︸ ︷
1 · · · 1

=
〈n−p−2

︷ ︸︸ ︷
1 · · · 1

2n+p
︷ ︸︸ ︷
r 4(2n+p−1) · · · r 4(0)

n+2
︷ ︸︸ ︷
0 · · · 0 +(2n+2 − 1)

〉

(24n−1)

= 〈R̃4 + k4〉(24n−1) (17)

where

R̃4 =
n−p−2
︷ ︸︸ ︷
1 · · · 1

2n+p
︷ ︸︸ ︷
r4(2n+p−1) · · · r4(0)

n+2
︷ ︸︸ ︷
0 · · · 0 (18)

k4 = 2n+2 − 1. (19)

Defining k = k2 + k3 + k4 and substituting (8), (11), (14), and (17)
into (3) produce

⌊
X

2n+p

⌋

= 〈2n−p−2(R̃1 + R̃2 + R̃3 + R̃4 + k)〉(24n−1). (20)

Following a similar approach to that adopted in [23], the value
of k can be expressed in terms of different combinations of r2(n)
and r3(2n) using (13), (16), and (19) as follows:

k =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

23n + 22n + 2n , r2(n)r3(2n) = 00

23n+1 + 23n + 22n − 2n , r2(n)r3(2n) = 01

22n+1 + 1, r2(n)r3(2n) = 10

23n+1 + 22n+1 − 2n+1 + 1, r2(n)r3(2n) = 11.

(21)

Using binary notation, (21) can be written as

k =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

n
︷ ︸︸ ︷
0 · ·001

n
︷ ︸︸ ︷
0 · ·001

n
︷ ︸︸ ︷
0 · ·001

n
︷ ︸︸ ︷
0 · ·00, r2(n)r3(2n) = 00

n
︷ ︸︸ ︷
0 · ·011

n
︷ ︸︸ ︷
0 · ·000

n
︷ ︸︸ ︷
1 · ·111

n
︷ ︸︸ ︷
0 · ·00, r2(n)r3(2n) = 01

n
︷ ︸︸ ︷
0 · ·000

n
︷ ︸︸ ︷
0 · ·010

n
︷ ︸︸ ︷
0 · ·000

n
︷ ︸︸ ︷
0 · ·01, r2(n)r3(2n) = 10

n
︷ ︸︸ ︷
0 · ·010

n
︷ ︸︸ ︷
0 · ·001

n
︷ ︸︸ ︷
1 · ·110

n
︷ ︸︸ ︷
0 · ·01, r2(n)r3(2n) = 11.

(22)

The four different combinations in (22) can be combined into one
expression as follows:

k =
n

︷ ︸︸ ︷
0 · · · 0r3(2n)r 2(n)

n
︷ ︸︸ ︷
0 · · · 0b1b2

n
︷ ︸︸ ︷
r3(2n) · · · r3(2n)r 2(n)

n
︷ ︸︸ ︷
0 · · · 0r2(n) (23)

where b1 = r2(n) ∧ r 3(2n) and b2 = r2(n) 
 r3(2n) .
For the cases (p = n − 1 or p = n), the multiplicative inverses

are 〈1/m̂1〉m1 = 22n−p−2 and 〈1/m̂2〉m2 = 〈−22n−p−2〉m2 , while
〈1/m̂3〉m3 and 〈1/m̂4〉m4 remain the same. Hence, the same approach
introduced above is also applicable.

III. HARDWARE IMPLEMENTATION, EVALUATION,
COMPARISON, AND VLSI REALIZATION

Fig. 1 shows the hardware implementation of the proposed
four-moduli reverse converter. It consists of one modulo (24n − 1)

Fig. 1. Hardware structure of the proposed residue-to-binary converter.

adder and three carry-save adders (CSAs), namely, CSA-1, CSA-2,
and CSA3. CSA-1 adds R̃1, R̃2, and R̃3 as follows:

R̃1 + R̃2 + R̃3 = R1 � R1 � R1 � R1

+ R̂2 � R̂2 � R̂2 � R̂2

+ 〈2n+1(R̂3 � R̂3)〉(24n−1). (24)

As can be concluded from (24), the operands of R̃1, R̃2, and R̃3
have repeated patterns. These repeated patterns are used to reduce
hardware requirements. Recalling that for the three single-bit vari-
ables a, b and c: a ⊕ b ⊕ c = a ⊕ b ⊕ c = a ⊕ b ⊕ c, the result
of evaluating (24) using CSA-1 can be expressed in binary form
as a 4n-bit sum vector (s4n−1 · · · · · · s0) and a 4n-bit carry vector
(c4n · · · · · · c1) as follows:

n
︷ ︸︸ ︷
r1(n−1) · · · r1(0)

n
︷ ︸︸ ︷
r1(n−1) · · · r1(0)

n
︷ ︸︸ ︷
r1(n−1) · · · r1(0)

n
︷ ︸︸ ︷
r1(n−1) · · · r1(0)

+
n

︷ ︸︸ ︷
r2(n−1) · · · r2(0)

n
︷ ︸︸ ︷
r 2(n−1) · · · r 2(0)

n
︷ ︸︸ ︷
r2(n−1) · · · r2(0)

n
︷ ︸︸ ︷
r 2(n−1) · · · r 2(0)

+
n−1

︷ ︸︸ ︷
r

3(n−2)
· · · r

3(0)

2n
︷ ︸︸ ︷
r

3(2n−1)
· · · r

3(0)

n+1
︷ ︸︸ ︷
r

3(2n−1)
· · · r

3(n−1)

n
︷ ︸︸ ︷
s4n−1 · · · s3n

n
︷ ︸︸ ︷
s3n−1 · · · s2n

n
︷ ︸︸ ︷
s2n−1 · · · sn

n
︷ ︸︸ ︷
sn−1 · · · s0

+
n

︷ ︸︸ ︷
c4n · · · c3n+1

n
︷ ︸︸ ︷
c3n · · · c2n+1

n
︷ ︸︸ ︷
c2n · · · cn+1

n
︷ ︸︸ ︷
cn · · · c1

.

(25)

Fig. 2(a) and (b) shows the hardware realization of the sum vector
and the carry vector, respectively. Figs. 2(a) and (b) constitutes
CSA-1. Thus, CSA-1 requires 3n XOR gates and 10n AND/OR gates.
CSA-2 adds R̃4 to the outputs of CSA-1. R̃4 consists of 4n bits as
follows: (2n + p) variable bits and (2n − p) zeros/ones. However,
CSA-3 adds k to the outputs of CSA-2, where k consists of (3n −5)

ones/zeros and (n + 5) variable bits. Hence, exploiting the repeated
binary patterns in (24) and (25) on one side and utilizing the relation
between the two logic operations (XOR and XNOR) on the other side
led to a significant gate count reduction. This gate count reduction
and specifically in CSA-1 resulted in significant area, time, and power
reductions. The newly introduced simple closed-form multiplicative
inverses also produced simplified realizations.

The most relevant and competitive works are the ones
in [14], [16], [17], and [23]. The converter introduced in [23]
deals with an extended five-moduli set with a dynamic range of
(6n + p) bits, where p is limited to the range: 0 ≤ p ≤ ((n − 5)/2).
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TABLE I

HARDWARE AND TIME REQUIREMENTS OF DIFFERENT RESIDUE-TO-BINARY CONVERTERS

Fig. 2. Hardware needed to produce the (a) sum vector and (b) carry vector of CSA-1 of Fig. 1.

TABLE II

COMPARISON BETWEEN DIFFERENT CONVERTERS USING GE
AND VLSI SYNTHESIS RESULTS OF AREA ( A), DELAY (D),

POWER (P ), ENERGY (EN), AND EFFICIENCY (EF)

Table I summarizes the hardware and time requirements of the
proposed converter and the ones in [14], [16], [17], and [23], where
the inverters are ignored.

Additionally, an implementation using VLSI tools was conducted,
where the (2n − 1) modular adder proposed in [29] was used in all
structures. All the converters were modeled using Verilog HDL for
different values of n. The modeled designs were synthesized using
Synopsys Design Compiler (G-2012.06). The synthesized structures
were also mapped to 65-nm Synopsys DesignWare Digital Logic
Libraries. Synopsis Power Complier was used to accurately estimate
the power consumption. The five structures were optimized and func-
tionally checked. Table II lists the results of VLSI implementation
after place and route phase for area, time delay, power, energy,
and efficiency (i.e., =((throughput)/(area)) in million conversions
per second per m2). Table II also lists the number of gate equiva-
lents (GEs) for each design using unit gate model [8]. The reductions
achieved are listed in Table III. Compared with [14], [16], [17],
and [23], Table III indicated that the proposed converter reduced the

TABLE III

RELATIVE PERFORMANCE INDICATORS OF THE NEW CONVERTER:
GE REDUCTION (GER), AREA REDUC. (AR), DELAY REDUC. (DR),

POWER REDUC. (PR), ENERGY REDUC. (ENR), EFFICIENCY

IMPROVEMENT (EFI), AND THE AVERAGE OF VALUES (AVR)

area by an average of 22.7%, delay by an average of 9.2%, power
by an average of 17.8%, and energy by an average of 24.5%. The
new proposed converter has improved the efficiency by an average
of 48.7%.

Although the above results are based on a 65-nm application-
specific integrated circuit (ASIC) technology, the proposed converter
would still outperform competitive converters even when selecting
other ASIC technologies. This is due to the fact that the new
design requires less GE, where the GE is a technology-independent
indicator. On the other hand, field programmable gate arrays (FPGAs)
are also suitable for implementing logic-intensive circuits like the
reverse converters considered in this brief. However, experimental
results showed that the delay of FPGA-based converters implemented
using the 65-nm Virtex-5 FPGA (e.g., XC5VLX220) from Xilinx is
an order of magnitude larger than the corresponding ASIC-based
implementations [11]. The regularity of the basic components of
the converters works best for an ASIC-based implementation when
considering the “place and route phase.” Thorough information on
implementing four-moduli set converters using ASICs and FPGAs is
found in [18] and [30].
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IV. CONCLUSION

Using the newly introduced compact forms of the multiplicative
inverses, this brief proposed a residue-to-binary converter for the
extended moduli set {2n − 1, 2n + 1, 22n + 1, 22n+p}. Compared
with the earlier work, the proposed structure reduced the hardware
requirements in the CSA network of the converter. This hardware
reduction reflected positively on the area, time, power, and energy
of the proposed work when synthesized and compared with other
published works. It also improved the efficiency considerably in terms
of the throughout rate per unit area.
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